Manipulation of micrometer sized particles with optical tweezers can be precisely modeled with electro dynamic theory using Mie's solution for spherical particles or the T-matrix method for more complex objects. We model optical tweezers for a wide range of parameters including size, relative refractive index and objective numerical aperture. We present the resulting landscapes of the trap stiffness and maximum applicable trapping force in the parameter space. These landscapes give a detailed insight into the requirements and possibilities of optical trapping and provide detailed information on trapping of nanometer sized particles or trapping of high index particles like diamond.
INTRODUCTION
The interaction of a transparent micrometer sized particle with a focussed laser beam can be described theoretically in three different regimes, depending on the particle size compared to the laser wavelength.
For big particles, where the radius a is much larger than the wavelength λ of the laser light, the interaction can be described using geometrical (ray) optics (e.g. a 15 µm diameter bead trapped in a λ = 1064 nm laser beam). In this method, the focussed laser beam is described as a bundle of individual light rays, with the incident angles and the ray distribution determined by the numerical aperture (NA) of the objective and the laser beam intensity distribution. Each ray is refracted or reflected at the interfaces of the particle. Refraction/reflection means a change in the ray propagation direction and thus in the ray's momentum. Momentum conservation necessitates that the change in momentum is transferred to the particle. Ashkin has quantified the total momentum transferred to the particle by numerically summing up the contribution of each ray.
1 He found trapping forces for axial and lateral particle displacements and different beam geometries. This method works well for large particles, but requires extensive numerical calculations and fails to model effects resulting from the wave character of light, like interference effects (e.g. force oscillations with particle size) and the intensity distribution in the focal region.
Small particles with a λ are described in the Rayleigh regime. The electromagnetic field (the focussed laser beam) induces a dipole moment in the dielectric particle. Interaction of the dipole with the incident electromagnetic field results in a scattering force component (Rayleigh scattering) and a gradient force component that is proportional to the particle's polarizability and the gradient of the mean square electric field ∇ E 2 (r) . The gradient force points towards the focus and stable trapping is achieved when it outweighs the scattering force. The behavior of particles smaller than one tenth of the wavelength is well described in this regime.
2, 3
In the majority of optical tweezers experiments, as well as in this work, trapped particles are of a size comparable to the wavelength of laser light. Spherical particles with a ≈ λ have to be described using the Lorenz-Mie scattering theory. 4, 5 It requires solving the Maxwell equations for a source free region (vector Helmholtz equation) with a given incident electromagnetic field (focussed laser light) and knowledge of the boundary conditions on the surface of the trapped sphere. The relation between incident and scattered fields is described by a scattering matrix S which is obtained from the boundary conditions. The solution for scattering from a homogeneous isotropic sphere is called the Mie-solution, and S contains non-zero components only along the diagonal. The work presented in this paper employs microspheres -the theoretical treatment will be focussed on this spherical case. The scattering matrix can also be calculated for non-spherical particles and is commonly called the transition or T-matrix. 6, 7 Surface integral methods can be used to calculate the T-matrix for homogeneous/isotropic particles. Calculation of the T-matrix for more complex and anisotropic particles usually involves discretization techniques, such as the finite difference frequency domain technique 8 or the discrete dipole approximation. 9 The main advantage for calculating a scattering matrix is that it has to be done only once for a given object. It can then be used to calculate the scattered fields for various incident fields, which reduces the overall calculation time substantially.
One of the remaining problems is to express the incident strongly focussed laser beam in a suitable form. The paraxial approximation is not valid in the case of strong focussing. Therefore, a multipole expansion of the incident fields into vector spherical wave functions is used. The expansion coefficients are obtained from a point matching algorithm, by either matching the coefficients to the field in the focal plane or in the far field. 10 We generally use the second case, since far field properties, like the beam convergence angle of the laser beam, are experimentally easier to access. Knowledge of the incident and the scattered fields allows calculation of the force acting on the particle by integrating over the momentum flux in the far field.
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Other methods have been used to calculate the incident beam expansion coefficients and the forces acting. Maia Neto et al. 13 and Mazolli et al.
14 use an integral representation of a superposition of plane electromagnetic waves to describe the laser beam. A localized approximation of a Gaussian beam is used by Lock.
15, 16 Rohrbach et al. 17 calculates the trapping force by volume integration over the space-variant incident intensity gradient and the extinction and redistribution of momentum.
In this paper, we give a brief description of the theory employed to calculate the electromagnetic fields and the forces acting on an optically trapped particle. Results obtained do not have any free parameters. All parameters can be measured (beam convergence angle, laser power, refractive index of particle and medium, particle size). Comparing these results with measurements can give additional information on the system, can be used to extract unknown system parameters, such as the refractive index, or be used to establish the validity of the experimental force calibrations.
THEORETICAL MODELING OF OPTICAL TWEEZERS
Maxwell's equations describe electromagnetic waves in vacuum as well as in different types of media. For monochromatic and coherent waves, such as the electromagnetic radiation emitted from lasers, the time dependence is harmonic and proportional to exp(iωt). This simplifies the Maxwell equations. We are interested in how an incident laser beam interacts with a micrometer sized uncharged dielectric particle. The region of interest is therefore source free, meaning ∇E = ∇H = 0, which further simplifies Maxwell's equations. Using the identity rot rot A = −∇ 2 A + grad div A, one arrives at the vector Helmholtz equations
where E and H denote the electric and magnetic field, respectively, and k denotes the wavenumber. These equations for the electromagnetic fields have to be solved in order to model optical trapping. To solve the equations, the system as well as the laser beam have to be described. The system is described by the boundary conditions. In principle, it is possible to describe complex systems with a multiple of interfaces, yet it is often impractical, since the system has to be quantized in order to model each boundary, which dramatically increases the resources needed for computation. Therefore, we focus our modeling on the particle only. The incident electric and magnetic fields have to be expressed as a function of spatial coordinates. Since focussing of a laser beam with a high numerical aperture objective lens produces, in a good approximation, spherical wavefronts, and we are dealing with spherical particles, it is sensible to use spherical coordinates (r, θ and φ, defined in the physical sciences sense).
It is possible to find a general solution to the vector Helmholtz equations in spherical coordinates. This solutions consists of the linearly independent vector spherical wave functions M nm and N nm with the mode numbers n and m. Every field can be expressed as a linear combination of these modes, in which each mode is weighted with a factor. These factors are called expansion coefficients. The vector spherical wave functions (VSWFs) are given by
This general solution is obtained from a separation of variables. The Hankel functions h (1) n and h (2) n of the first and second kind are solutions to the radial part of the equations. The vector spherical harmonics C nm , P nm and B nm are the solutions to the angular part. They are functions of the well-known spherical harmonics Y m n (θφ) and are given by
The e denote the unit vectors in the respective coordinate direction.
Waves described by the vector spherical wave functions can either travel towards the focus (incoming) or away from the focus (outgoing). The outgoing waves are described by the superscript (1) and the Hankel functions of the first kind, whereas the incoming waves are described by the superscript (2) and the Hankel functions of the second kind. There are two ways to formulate the electromagnetic fields when modeling the trapping of a particle (scatterer). In the incoming-outgoing description, the illuminating laser beam is described by only incoming wave functions. All the outgoing fields are obtained by interacting that incoming field with the scatterer. In the incident-scattered description, the illuminating laser beam is described by incoming and outgoing wave functions, in such a way as if the scatterer was not present. Since the field remains unchanged without the scatterer, the expansion coefficients of the incoming and outgoing parts of the incident beam are the same. Incoming and outgoing parts can thus be combined to the regular vector spherical wave functions
Interaction of the incident fields with the scatterer then yields the scattered fields, which have only outgoing components. Fields inside the scatterer (located at the origin) always have incoming and outgoing components and are therefore described with the regular WSVFs. One can choose the way in which the fields are described, but attention must be paid to consistency over the whole modeling process. In this paper, description with incident-scattered waves is chosen. In this basis, the total electric and magnetic fields are given by
with the impedance denoted by Z. The expansion coefficients a nm and b nm describe the incident field (the illuminating laser beam), whereas the coefficients p nm and q nm describe the scattered fields.
The task at hand is now to find values for these coefficients. For the illuminating laser beam, these coefficients have to be chosen to reflect the experimental situation. We use a laser beam emitted from a single mode optical fiber which is a very good approximation to a Gaussian TEM 00 mode. This beam is focussed by an objective lens, which generates a beam with high beam convergence angle ϕ, given by the objective's numerical aperture NA= n med sin ϕ. The convergence angle is defined as the position where the electric field amplitude drops to 1/e of its maximum value. The refractive index of the medium n med is known, and ϕ is known from the objective's numerical aperture. Since the beam is approximately Gaussian, its wavefronts are spherical with a radius of curvature given by the distance to the beam waist (at distances Rayleigh range). Knowing the intensity distribution and the shape of the phase fronts in the far field fully describes the beam. This beam is expanded into the VSWF basis by a point matching algorithm, yielding the expansion coefficients a nm and b nm . 10 The expansion is terminated at a value n = N max at which the contributions of higher order modes become negligible. The next step is to calculate the expansion coefficients of the scattered fields. This is achieved by making use of the boundary conditions that the fields must fulfil at the surface of the scatterer. The sum of the parallel component of incident and scattered E-field has to be equal to the parallel component of internal E-field. A similar condition holds for the H-field. Modes can be considered independently since only modes of the same order couple to each other when scattering off a sphere. This way, four equations are obtained (2 × 2 for electric and magnetic fields and TE and TM modes). These can be solved for the four expansion coefficients of the scattered (p nm and q nm ) and internal (c nm and d nm ) fields. This analytical solution is called the Mie solution. It is a function of Bessel and Hankel functions, which have to be calculated numerically. The Mie solution can be expressed as a scattering matrix S that relates the incident and the scattered field expansion coefficients:
This scattering matrix can also be calculated for non-spherical scatterers in which case it is called the transition (or T ) matrix. The calculation of the matrix for complex scatterers often requires discretization techniques.
With the knowledge of p nm and q nm , the total electromagnetic fields can be calculated according to Eqns. 10 and 11. The force acting on the particle can now be evaluated using momentum conservation. The particle experiences a force that is given by the change in the linear momentum of the illumination beam caused by the particle. This change in momentum can be calculated by integration over the momentum density of the fields over a spherical surface in the far field. The integration can be performed analytically and reduces the calculation of the force to the summation over the expansion coefficients of the fields (a nm , b nm and p nm , q nm ).
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The forces calculated this way are given as the fraction of momentumhk transferred per photon, which is often called the trapping efficiency Q. To obtain the force in newtons, Q has to be multiplied by P n med /c, where P is the incident laser power and c the speed of light (in vacuum).
To calculate the force acting on the particle for different particle positions, we translate the incident beam by multiplying the expansion coefficients with translation matrices. This has the advantage that the scattering matrix S does not have to be recalculated. On the other hand, an off-axis beam has to be described by higher order VSWFs. Translation by long distances thus increases the calculation time substantially.
Modeling of optical tweezers by the method described here is valid for all particle sizes. The results for the trapping forces exhibit the typical interference structure known from Mie scattering when particle sizes approach the wavelength of the trapping light.
FORCES ON AN ABSORBING PARTICLE
To test if the numerical calculation of the electromagnetic fields and of the optical forces does in fact deliver the correct results, we simulated an absorbing particle and calculated the force that is acting on that particle. Note that the particle is not actually trapped, but just positioned at the focus of the beam. Each photon carries a momentum ofhk. If the photon is absorbed, it transfers all its momentum to the particle. If the beam is incident on the particle along the Z-axis with a very small convergence angle, then the momentum transfer efficiency Q Z (which gives the fractionhk that is transferred per photon) in the Z-direction should be close to unity, provided that there was no reflection. When a photon is reflected, it transfers 2hk of momentum. Reflection therefore increases Q Z . At higher beam convergence angles, the beam is incident on the particle under a range of angles. Each absorbed photon still transfershk, yet only a fraction of this momentum points in Z-direction. High beam convergence angles therefore decrease Q Z . This effect must not to be confused with the gradient force acting on transparent trapped particles, which acts in the opposite direction and is increased by larger beam convergence angles because of the tighter focussing and the steeper intensity gradient. Figure 1 shows the case of a 1064 nm laser beam with a convergence angle of 60 degrees (corresponds to a NA of 1.15 in water) incident on an absorbing particle. A fraction of the beam is reflected and interferes with the incident beam, causing an interference pattern. For this scenario, the trapping efficiency is Q Z = 0.945. This is due to the antagonizing effects of the reflection and the high convergence angle. For a smaller convergence angle of only 6
• and a larger particle, the transferred momentum increases to Q Z = 1.17. Now almost all the momentum that is transferred is in the Z-direction. It can be estimated that 17% of the light gets reflected. A larger particle had to be used for this simulation since the beam waist of a beam with such a low convergence is relatively wide. That would result in light going past a smaller particle without being absorbed.
The calculations and considerations in the above paragraph demonstrate that very good results are obtained when modeling light interaction of particles with focussed laser beams according to the method described in the theory section.
OPTICAL TRAPPING LANDSCAPES

Physical Model and Calculation Procedure
The ability to calculate the forces applied to a spherical particle by a highly focussed laser beam can now be used to characterize how parameters like particle size and refractive index influence optical trapping. The quantities that describe the quality of a trap are the maximum trapping efficiencies (i.e. maximum restoring forces) when the particle is displaced from its equilibrium position, as well as the trap stiffness in each of the spatial directions. The trapping efficiencies along X and Y are of the same magnitude in positive and negative direction. For the axial direction, reflection of the incident laser beam (coming from positive Z) on the particle's top surface always pushes the particle in the negative Z-direction. This scattering force is also the reason why the particle's equilibrium position is always located slightly below the beam waist.
In this paper, we are interested in the trap stiffness α Z in the Z-direction. Since the focal spot is elongated, and thus less tightly focussed in Z-direction, α Z gives a good measure of how strongly a particle can be trapped. α Z characterizes how big restoring forces are for small displacements from the particle's equilibrium position.
The following scheme was employed to calculate the axial trap stiffness at the particles equilibrium position. First, the force exerted on the particle in the Z-direction was calculated for 50 axial particle positions. From this force trace, it was determined whether a stable equilibrium position exists. If so, that position was found by a simple search algorithm which finds the point where the restoring force changes sign. The trap stiffness at that point was calculated from the forces acting at the points nearest to the equilibrium position. Although it would be more precise to find the exact equilibrium position by using a search algorithm which minimizes the force acting on the particle, this is impractical since it increases the calculation time dramatically. The maximum spacing between the points used for the stiffness calculation was 130 nm. The trapping potential is approximately harmonic for displacements of that magnitude, meaning that the stiffness does not change with particle position. Furthermore, in an experimental situation, the particle position fluctuates around the equilibrium position due to the thermal random force experienced by the particle in solution (Brownian motion).
RESULTS
The trap stiffness was calculated for convergence angles corresponding to an objective numerical aperture of NA=0.75 and NA=1.3. The size of the scatterer was varied from 0 to 3.25 µm and the relative refractive index was varied from 1 to 2 (polystytrene in water has a relative refractive index of 1.18). The stiffness was calculated for 20,000 parameter combinations for each NA, giving a raster of 200 × 100 grid points. The calculation time for each NA value is on the order of 28 hours, which is fast considering the amount of force calculations that have to be performed (50 for each parameter combination). Trapping landscape for trapping with a λ = 1064 nm laser beam focussed with a NA=1.3 objective lens and a power of 100 mW in the focus. The axial trap stiffness has maxima and minima when the size or refractive index parameter is changed which is due to the interference structure of Mie scattering. The landscape has a complex shape and can not be reproduced with a simplified model. It can be used as a guide for selecting particle size and material to give a high trapping stiffness. It can also be used to identify which sizes are favorable when trapping high index particles.
wavelength of 1064 nm and NA of 0.75. The maximum stiffness is very weak compared to trapping with NA= 1.3 (note the different scales).
In contrast, focussing the laser with a NA= 1.3 objective lens creates an optical trap with a high force constant over a wide parameter range. The force constants were calculated for a power of 100 mW in the focal spot. The huge effects of particle size and refractive index on the stiffness become immediately obvious. For a range of values marked with zero trap stiffness, trapping is not possible (scattering force is greater than the gradient force). For high refractive indices of the particle, trapping is only possible for certain particle sizes. For commonly used particles (n = 1.4-1.6), trapping is possible over a wide range of sizes, yet the trap stiffness dependence on size is very complex. This illustrates the need to model optical trapping of particles in that size range with Lorenz-Mie theory.
DISCUSSION
Due to the interference structure of Mie scattering, the dependence of α Z on size and refractive index is expected not to be linear, but dominated by maxima and minima as seen in Fig. 3 . These maxima and minima occur due to destructive or constructive interference between waves reflected at the surface of the particle. For example, the phase shift between waves reflected at the top and the bottom surface of the sphere depends on the wavelength of the trapping light, the size of the particle and the refractive index of the particle (which determines the wavelength inside the particle).
One value that these parameters determine is the amount of light that gets reflected at the top surface of the particle, which determines the scattering force in the negative Z-direction. The more light that gets reflected, the further the particles equilibrium position is shifted away from the focus. Similar to an antireflection coating, where the amount of reflected light oscillates with coating thickness, the reflection at the top surface oscillates with particle size, resulting in an oscillation of the particle equilibrium position. If the scattering force is greater than the counteracting gradient force, then stable 3D trapping is not possible for that parameter combination.
